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Abstract—As tile linear algebra algorithms continue achieving
high performance on shared-memory multicore architectures, it is
a challenging task to make them scalable on distributed-meory
multicore cluster machines. The main contribution of this paper
is the extension to the distributed-memory environment of he
previous work done by Hadri et al. on Communication-Avoiding
QR (CA-QR) factorizations using tile algorithms for tall and
skinny matrices (initially done on shared-memory multicore
systems). The ne granularity of tile algorithms associate with
communication-avoiding techniques for the QR factorizaton
presents a high degree of parallelism where multiple tasksan
be concurrently executed and computation steps fully pipéhed.
A decentralized dynamic scheduler has then been integrateds a
runtime system to ef ciently schedule tasks across the disbuted
resources. Our experimental results performed on two Beowlfl
clusters (with dual-core and 8-core nodes, respectively)na a
Cray XT5 system with 12-core nodes show that the tile CA-
QR factorization is able to outperform the de facto ScaLAPAK
library by up to 4 times for tall and skinny matrices, and has
good scalability on up to 3,072 cores.

I. INTRODUCTION

In addition, a number of vendors provide libraries optindize
for their own hardware such as Intel MKL, AMD ACML, IBM
ESSL (PESSL), and Cray XT LibSci. All the vendor libraries
include the subroutines of LAPACK and Scal APACK.
However, with the increment of the number of cores on
each chip, these existing libraries start to see degrading
performance on multicore (or manycore) architectures. One
important reason is that the libraries use the fork-joinrapph
for parallelism to implement their routines. The join odara
works as a barrier and increases the task graph's critical
path length substantially. Assuming a xed number of tasks,
increasing the length of the critical path can seriouslecff
the program performance. For instance, the subroutine For Q
factorization in LAPACK uses a block algorithm. Given an

m n matrix A that is partitioned as follows:
A= Al:b;l:b Al:b;b+1 n
Ab+1: m; 1:b Ab+1: m;b+1: n

where b is the block size, the block algorithm 1) rst fac-

The method of least squares has been used in many scientPgizes the left column panehi.m; 1:0; 2) applies the panel

elds such as mathematics, physics, statistics, and ecarsonfactorization result to the top row pan8ly.p;p1;n; 3) then
where applications of data tting, regression analysisd arfo the trailing submatrix 0Rp+1: m;p+1:n. All the three steps
production function modeling happen frequently. The peabl are executed in a fork-join manner for which the length of
is to nd the solution of an overdetermined system of linedhe critical path is increased. The same set of steps will be
equationsAx = b with more equations than unknowns. Thé@pplied recursively to the submatrix @p:1: mp+1:n until
shape of the matriXA is tall and skinny. The rst step of the submatrix merely consists of a single column panel. The
modern classical method to solve such a linear system is36aLAPACK QR factorization subroutine uses the same block
compute the QR factorization of the matrix where Q is algorithm as LAPACK. Throughout this paper, we use the term
orthogonal andR upper triangular. “block QR factorization” to refer to this algorithm.

Various numerical libraries have supplied the QR factor- During the last several years we have been working on
ization subroutine. LAPACK [J1] provides a collection ofdesigning new parallel linear algebra software for muftco
linear algebra software for shared-memory systems. Scal@chitectures. We believe that the new software for muiéco
PACK [2], [3] includes a subset of LAPACK subroutines that igrchitectures should have the following characteristios:

redesigned for distributed-memory message-passingregstegrain tasks for a higher degree of parallelism, asynchrsnou
execution to eliminate synchronization points, and goaallo

This material is based upon work supported by the NSF granE-CCity to improve data reuse. The tile algorithms designed in ou
0811642, and by Microsoft Research. This work also usedurees of pgrallel Linear Algebra Software for Multicore Architeots
the National Center for Computational Sciences at Oak Ribligg¢ional (PLASMA) project \Z-] exhibit the three desirable charaiser

Laboratory, which is supported by the Of ce of Science of Department \ ’ A "
of Energy under Contract DE-ASC05-000R22725. tics. The subroutine for QR factorization in PLASMA adopts
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in the same column. Their work was inspired by the tile QR
MO A1 1R factorization (available in PLASMA) and a communication-
v v v v v avoiding technique (known as CAQR) that was introduced by
21 | s 23 | |24 | |25 Demmel [T]. However, this algorithm has never been explored
I v v v on distributed-memory systems. We investigate and extead t
31 |32 33 | |34 | |35 algorithm to modern large-scale distribute-memory maehin
I vv 3 v v and demonstrate its high ef ciency and scalability. We tad
41 | | a2 43 | |44 | |as distributed-version algorithm “distributed tile commaation-
I— T 3 7 avoiding QR factorization”. In short, we refer to it as “dis-
51 | |82 lss] (52| |ss tributed tile CA-QR factorization.”

Although showing high performance on shared-memory ma-
. | actorizati  wBh 5 il - chines experimentally, the extension of tile CA-QR alduorit
Lo B8 facorization on & suare mat i, S les. Sach le 49 distributed-memory looks very challenging. In this pape
dependencies between the tasks. we also analyze the tile CA-QR factorization in terms of @per
tion count, number of messages, and communication volume.
We then compare the algorithm to previous works such as
an updating-based algorithm that operates on matricescstob APACK, ScalLAPACK, tile QR (PLASMA), TSQRILI7], as
in a tile data layout[]5]. A tile is & b square submatrix well as CAQR [7]. Tile CA-QR has an operation count that is
and is stored in memory contiguously. In this paper, we ubetween tile QR and TSQR and could be comparable to that of
the term “tile QR factorization” to refer to the updatingsed LAPACK/ScaLAPACK by choosing appropriate parameters.
QR factorization. Same as TSQR, tile CA-QR's communication volume is also
Unlike the block QR factorization that operates on panelgptimal. Furthermore, its number of messages is much less
the tile QR factorization operates on much smaller tilesi¢ee than that of tile QR.
more ne-grained). Given a matriA consisting ofm,  np The distributed tile CA-QR factorization partitions a ma-

tiles, matrixA can be expressed as follows: trix's rows into D blocks of rows (i.e.,D domains). Then
0 1 on a distributed-memory system wifh compute nodes, it
A1 Az it A, continues to partition th® domains intoP subsets (one
B Az Az it Agny, subset per node) using a 1D block distribution, wHere P.
A= : : : : ' Each node runs a single MPI process and is responsible for

computing a numbe% of domains. For each column panel (of
a tile width), the factorization algorithm performs indepent
whereA;; is a square tile of sizé b. In the rst iteration, QR factorizations in each domain by different processes in
the tile QR factorization computes the QR factorizationtiler parallel. Then, each domains updates its trailing submatri
A1.1. The factorization output of\1.1 is then used to update concurrently. Third and last step, the local R factors franhe
the set of tiles orA1.1's right hand side in an embarrassinglydomain are reduced by different processes to the nal R facto

Amb;l Amb§2 e Amb?”b

update on any til\y;; is nished, the update on tilé,; can The reduction operation among the domains adopts a
read the modi edA1; and proceed. In other words, whenevebinary-tree to attain the naR factor. Due to the complex
a tile-update on theé-th row completes, its below tile on binary-tree reduction residing on the critical path of the
the (i +1)-th row can start ifAj+1.1 also completes. After computation's task graph, we extended our dynamic schedul-
updating the tiles on the lashy-th row, tile QR applies the ing runtime system to support distributed tile CA-QR more
same steps to the trailing submatre.m,:.2.n, recursively. ef ciently. We added new features such as look-ahead depth
Figureld illustrates the data dependency relationshipsd®t and three levels of task priority to the runtime system. A
tasks during the rst iteration given & 5 tiled matrix. collection of trace analysis show that the new scheduling
Each tile located at [i, j] corresponds to a task that readsrantime system has been improved signi cantly.
couple of inputs and modi es A[i, j]. For instance, tile A[2, This paper evaluates the ef ciency of distributed tile CRQ
4] corresponds to a task that reads the output of two tadkg comparing it to vendor optimized ScaLAPACK libraries.
located at [1, 4] and [2, 1] and then modies A[2, 4]. InWe conducted both strong-scalability and weak-scalgbilit
the tile QR factorization, the tasks within each row can bexperiments on two Beowulf clusters and a Cray XT5 system
executed in embarrassingly parallel. However, the sedplentonsisting of hundreds of thousands of 12-core nodes. The ex
dependency between tasks along a column clearly makes pleimental results show that our program is able to outperfo
algorithm inef cient, especially for tall and skinny matds. ScalLAPACK by up to 4 times, and exhibits good scalability
Hadri et al. recently presented a strategy to computiem 1 to 3,072 cores (3,072 cores is the largest experiment
the tile CA-QR factorization on shared-memory multicorave have attempted).
machines for tall and skinny matrices| [6]. Their approach This paper includes the following new and original work:
considerably increases the number of parallel tasks Idcaf@d) A major extension and improvement from shared-memory



systems to distributed-memory systems. (2) First to amalyfactorization, each domain participates in a global reidact
the algorithm with respect to operation count, number of-me® compute the nalR factor.
sages, and communication volume. (3) An extended runtimeSuppose am n matrix A consists ofn, njy, tiles (m >
system to enable an ef cient implementation of the distioll n), and b is the tile size for whichm, = T andnp = .
algorithm. (4) First to demonstrate good scalability of th&ile CA-QR partitions the matrix'an rows into D blocks:
algorithm on modern large-scale distributed-memory sgste A = [A1;Az;:::;Ap], whereA, is of dimensionf: n and
using up to 3,072 cores. is called “Domaini.” Note that the matrix A is stored ib
The rest of the paper is organized as follows. Seclibn tltiles. The tiled matrix A that is divided int® horizontal

introduces the related work. Sectiohs] Ill ahdl IV describdomains can be expressed as follows:

the tile CA-QR factorization algorithm and the analysis of 0 A Ar Ar 1
the algorithm, respectively. Secti@d V provides an ovewie i L2 LI
of the dynamic scheduling runtime system and explains our C;
extensions. Sectiofi_ V| presents the performance evatuatio Amp Ams, Arn,, G
on three distributed-memory systems. Sediian VII sumneariz —~
our work. A Ampig Albyyp 110 Al
= ¢ -

1. RELATED WORK C

Aom, . Aam, . i Aemy C

In the mid 70s, Morven Gentleman introduced for sparse o il o2 o e (%
matrices([8] the approach of splitting a matrix into subricais E

allowing the reduction to be done independently and recur- : : . :

sively for the submatrices. Then, Pothen and Raghavan [9] Amypi1 Amy:2 Ampyiny,

developed the idea of parallelizing the factorization oflaag where Aj; is a tile of sizeb b. In the rst step, all the

by implementing distributed orthogonal factorizationsngs qomains start to execute the tile QR factorization of the rs

Householder and Givens algorithms. Their approach dividggne| and the associated updates concurrently as showg.in Fi

the columns inta® subcolumns (wher® is the number of f There is no data dependency or communication between

processors) and performs factorizations locally from Wwhie  gifferent domains. That is, each domain is independent of

nal triangular factors are merged. the other domains. After the QR factorization of the rst
Based on Pothen and Raghavan's work, Demmel eLal. [fhne| within each domain is nished, each domaigets a

proposed a class of QR factorizations with the parallel pang pypper triangular factoR; located ath; ;) mup.q. FOT
factorization, called Communication-Avoiding QR (CAQR). b

The approach consists of performing the panel factorinatio instanceR; is located atAy;1 andR; is located Ao

several columns thanks to a new algorithm called TSQR (TAjPte that all theR;'s belong to the rst block-column for
Skinny QR). The panels are divided into block-rows, and thdje rstiteration. Next, the tile CA-QR factorization perins
are factorized independently and then merged using a bin&ryeduction among all théils- wherei 2 f1;:::;Dg. The
reduction tree, which is optimal in the parallel cagk [7]. AQUtPUt of the reduction is the nal factor dRy;; assuming

estimate of the performance for CAQR has been provided fy= QR and R is stored in tiles. Then the na&y; wil
the authors. be applied to the top block-roiA;.2;:::; A1.n,g to compute

Assuming that the QR factorization of a tall and skinnyR1:2:::17R1n, 0. The next step of the factorization can be
matrix can be represented as a reduction, Langol [10] ifRitiated onAzm,;2:n, while the previous step is still in pro-
plemented a methodology to perform the reduction by usiﬁ?ss as long as the depen_denmes_are satis ed. The fad:ipmaa
user-de ned MPI operation and MPReduce. Moreover, in SIEPS are therefore pipelined which can potentially hide th
the context of grid computing, by identifying bottlenecks i light points of synchronizations required during the megi
Scal APACK, Agullo et al. [Ti] developed an approach tgrocedure. o _ o
computing the QR factorization by articulating the CAQR Bef(_)re descnpmg the o“stnbuted tile CA-QR factorizatjo
factorization with a topology-aware middleware in order t§/€ Priey overview the six kernel subroutines used by the
con ne intensive communications. Contrary to all the poais factorization. For more details of these kernels, pleafes te
work on QR, they have used more original trees instead of tRgction 3 of the Hadri et al. papér [6].

binary tree. The rst four kernel subroutines are called locally within
each domain.
I1. TiLE CA-QR FACTORIZATION dgeqrt : R[k,k], VIkk], T[kK] dgeqrt(A[k,k])

Essentially the tile CA-QR factorization is an integration  dgeqrt computes the QR factorization of a tile Alk,k]
(or mixed version) of the CAQR factorization and the tile  and generates three outputs: an upper triangular tile
QR factorization. The basic idea is to store a matrix in  R[k,k], a unit lower triangular tile V[k,k] containing the
a tile data layout and divide the matrix into a number of  Householder re ectors, and an upper triangular tile T[k,K]
domains (i.e., blocks of rows). Each domain performs a local for storing the accumulated transformations.

QR factorization independently. After nishing the localRQ dtsgrt : R[k,K], V[i,K], T[i,K] dtsqrt(R[k,k], A[i,k])



After dgeqrt is called, dtsqrt stacks tile R[k,k] on topflgorithm 2 Merge Domains Algorithm

of tile Afi,k] and computes an updated QR factorization. gﬁ{gﬁ_ti?[?;?{]s%’z /;] i1, i§£t kr't(an[fi)lsl)(] RI2.)

The subroutine updates the tile R[k,k] and generates a tile*upaa'te the i1-th and i2-th r?)ws*/ T e

VI[i,k] and an upper triangular tile T[i,k]. V[i,k] and T[i,k for j  k+1to k+ncols-1do
also store the Householder re ectors and accumulated AliLj], Ali2j]  dttssmq(V(i2,k], T[i2,k], AliL,j], Ali2,j])
transformations, respectively. end for
dormgr : R[k,j]  dormqr(V[k,K], T[k,k], Alk,j])
dormqr applies dgeqrt's output (i.e. V[k,k], T[k,K]) to
tile Alk,j] located on the right hand side of Alk,k] and
computes the R factor R[k,]].
dtsssmqar : R[k,j], Ali,j] dtsssmqr(V[i,k], T[i,K],

RIk.jl, Alij]) Algorithm 3 Distributed Tile_CAQR Algorithm
dtsssmqr applies dtsqrt's output (i.e, V[i,K], T[i,K]) to @™ Distributed Tile_CAQR(A, mp, np, D, P)
stacked R[k,j] and A[i,j], and then updates the R factor nr & /*number of rows per process*/
R[k.j] and A[i,j], respectively. nd N /*Sumbe_r of dtimains per process*/
The algorithmDomain_Tile_ QR applies the four kernel  tor ealh tﬁ@%’;‘ﬁ‘,’,’;ﬁ'ﬁe /0 ton, 1do

subroutines to factorize a domain of size nrowscols tiles root b k=dsc /index of the root domain*/

starting from the position A[l, J]. For instance, Fig. 1 cam b ]{;?rogaegﬁfjfgymgﬁ]“i'd fg"ttgrr']fjes 'tls‘(;jodoma'”s in paraller/

viewed as a single domain that applies this algorithm. Note

that here |, J are indexed frot

domain. A process may consist of one or more threads running
on multiple cores. The algorithm of the distributed tile @R
factorization is shown as follows:

if (d=my nd+i)<root then
if d= root then

| k
Algorithm 1 Domain Tile_QR Algorithm elsle my nr+i ds
Domain Tile_QR(A, |, J, nrows, ncols) end if
R[1,J], V[I,J], T[1,J] dgeqrt(A[l,J]) end if

for j  J+1to J+ncols-1 /*I-th row*/do *[1,k] is the top left corner of domaird*/

AllLj] dormqr(V[l,J], T[1,3], A[Lj]) Domain_Tile_QR(A, I, k, (my+1) nr-l, np-k)
end for end for
for i I+1 to I+nrows-1 /*J-th column*/do [*binary-tree merge*/

R[,J], VIi,J], T[i,J]  dtsqrt(A[l,J], Ali,J]) LB my nd,UB LB+nd-1
end for for m 1todog,(D root)e do
for i I+1 to I+nrows-1 /*trailing submatrix update*do dl root,d2 di+2™ !

for j J+1to J+ncols-1do while d2< D do

RILLAfL,]]  dtsssmar(V[i,J], T[i,J],R[1Lj],Ali.j] if both d1, d2z [LB, UB] then

end for P1 dil/nd, P2 d2/nd

end for if d1 = rootthen
i1k
o . . else
The remaining two kernel subroutines are used in the i1 dl ds
reduction step that involves merging a collection of dorsain gf?fd if
ditqrt  : R[i1,K],V[i2,k], Tliz,k]  dittqri(R]iz,K],R[iz,k]) 0 s

This is the “merge” operation. dttqrt stacks one domain's
factor R([i;,k] on top of another domain's factor R[K]
and computes an updated factorR{]. It also generates

processes P1 and P2 exchange RJi1,k], R[i2,k]
Merge_DomaingR, A, i1, i2, k, np-k)
dl +=2M, d2 +=2m

end while
an upper triangular tile V§ik] and an upper triangular end for
tile T[iz,K]. end for
dttssmqr : Ali1,j], Ali2,j]  dttssmar(V[p,k], T[i2,K],

Ali1,j], Ali2,]]) Figure [2 illustrates the operations d@istributed_
After dttgrt is called, dttssmqr applies the output of dttgiTile_CAQR . It shows a matrix ofl2 3 tiles that is
to update A[i.j] and AJi,j] (i 2 [k + 1;np)) that are distributed across four domains. Each domain is stored and
located on the right hand side of Rk] and R[b,k], computed by one process and has a submatrix of3 tiles.
respectively. The gure shows the corresponding operations in the rst
The algorithmMerge_Domains merges two R factors iteration. That is, each domain invok&omain_Tile_QR
from a pair of domains. in parallel followed by a binary-tree merge between the rst
o ) o ) panels of each domain. The second iteration would be the same
Distributed Tile CA-QR Factorization: GivenP processes ;s the rst iteration except for working on a trailing submiat
on a distributed-memory system, we distribute the matiix's ¢ ¢ize11 2 tiles.
domains across different processes by 1-D block distdbuti
Each proces®; owns a numbeg- of domains fromD o to IV. ALGORITHM ANALYSIS
DB—(iﬂ) .- Although D is a parameter used at the algorithm In this section, we present the total number of operations
level, we assum® P so that a process owns at least onfor the sequential tile CA-QR factorization and the numbfer o
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Fig. 2. The operations of distributed tile CA-QR. (a) MatAxis divided

into four domains horizontally. (b) We now apdBomain_Tile_QR to each
domain in parallel. (c) Each domain computed a R factor &xtan the rst
column. We mergdkp andR1, R2 andR3. (d) We mergeRp andR» and

get the nal factorRg. () At the beginning of the second iteration, domain

Do has2 2 tiles and the other three domains ha&8e 2 tiles. Similarly,
we continue to apply (b), (c), (d) to the four new domains ie thailing
submatrix.

messages and the communication volume for the distributed
tile CA-QR factorization. We also compare the metrics with a

number of related QR factorization algorithms.

A. Operation Count

k +1 tile columns. The
(ny, k+1) tiles.

(k mod ) + 1 tile rows andny,
remaining domains consist -

Xb
415+ st [(% k mod %)(nb K) +

Totsssmar =
k=1
k 1 Mp
(D my=D 1)3(”1) k)]
= 2bn2(L+ —)(my )
T T 3

dttgrt is the merge operation and d0§l§3 oating opera-
tions. At iterationk, the binary tree haB  k +1 leaf nodes
andD Kk internal nodes.

Xb

5 5
Tattqrt (D k)§b3=6b3nb(2D Nb)

k=1

dttssmaqr does% (4b*+ sl?) oating point operations. Every
merge operation dttqrt is followed by a numbey k of
dttssmqr operations.

Xob

1
Tattssmar = (D K)(np k)§(4b3 + sz)
k=1
_ 3 2 s,,D np
= 2b'np(1+ %)(? E)

We use aggregate analysis to calculate the number Ofrpe o1a1 number of operations of tile CA-QR is the sum
operations for each kernel. Note that each kernel takespas inof the above six equations:

tiles of sizeb h.

dgeqrt does2b® oating point operations. For each iteration

mbL:Dc times. There aray, iterations,

k, dgeqrtis invoked b
thus
Kb
Tdgeqrt = (D b
k=1

D 1
2

ch) 26° =26°n,D my(

mp=

)

dormgr does3b® oating point operations. At iteratiork,

i k 1
there existD 5
Np

all the tiles on its top row except for the rst tile.

Xe k 1
Tdormgr = (D mb—:D)(nb k)

k=1

, 3
3L’ EbaDng

dtsqrt doesla—olo3 oating point operations. At iteratiork,
there existD 5
domain. The root domain hag> (k mod 2)+1 tile rows
and the other domains ha: tile rows.

X

k 1

Mb
D

b
m m
Tatsqrt (Fb k mod Fb +(D

k=1

Mp 5 3
(2mbnb ﬂb(ﬂb+ D )) 3b

dtsssmqr does4b?® + si? oating point operations, where
s is a parameter used to implement dtsssmsgis the inner
blocking size which divides the tile size. At iteratidmn there

existD nf _1D domains. The root domain consistsfg{l
=

domains each of which has a number
k +1 of tile columns. Every domain applies dormgr to

domains and one of them is the root

Ttile caqr = ngeqrt + Tdormqr + Tdtsqrt
+Tdtsssmqr + Tdthrl + letssmqr
S n Db
2n°(l+ —=)(m =+ —
( 4b)( 2 2 )

Compared to the operation count of the tile QR factorization

7], that is, Tie o = 2n%(1+ 55)(m  3), then
Thie caqr _ 2n2(1+ %)(m %+ %) _ 3Db n.
Tae o 2n2(1+ 5)(m 3) ~ 7 6m 2n’

Based upon the above equation, we can make the following
observations:

ifm o, Tee_co 94 1 Note that™e is the
. i T_tlle qr . ZD—b . D

domain size in terms of tiles and is often not small.

H - tile caqr  — 3m n _— .

if D = my, o 1+ g =5 =15

B. Number of Messages

We compute for the process that has the maximum number
of messages. We know that communication only occurs during
the binary tree merge where the dttqrt and dttssmqr opasatio
are called. GiverP processes, for each iteratién a process
is involved in at mostog, P merge stages, thus,

Xb

log, (P)(np
k=1

Messagaije k+1)

caqr

2 n?
log,(P)ni = log Z(P)F:



C. Communication Volume V. THE DISTRIBUTED FRAMEWORK

Similar to computing the number of messages, we computeWe build upon our previous work of Task-based Basic
for the process that has the maximum number of words cokinear Algebra Subroutines (TBLAS) dynamic runtime system
municated with other processes. Since each message contfiif] to realize tile CA-QR on distributed-memory systems.

an upper triangular tile 01*’2i words, This section rst overviews the TBLAS runtime system, then
describes how we extend TBLAS to support tile CA-QR
— 1 2. i
Wordiie cagr = éIogz(P)n : ef ciently.
_ _ . Given a matrixA of m, ny tiles and a multicore cluster
D. Comparison with Other Algorithms consisting ofN nodes each witlT cores, we launch on each

We compare tile CA-QR with LAPACK, ScaLAPACK, tile NodeNi a processP;, respectively. The rows of matrid
QR, TSQR, and CAQR factorizations for tall and skinngre preallocated t&N nodes by 1D _block dlstrlbut!on. That
matrices. The numbers for TSQR and CAQR are providé® Pi (onnodeN;) stores a submatrix of A frongfgi)-th to

by Demmel's paper |_7] AS for ScaLAPACK and CAQR, Wd%(l +1) 1)'th tile'rOWS. NOte that by default TBLAS uses
let P, P assuming a very tall and skinny matrix input. & general 2D block cyclic data distribution. But the 1D data

We have implemented the tile QR factorization ofistribution which is a special case of 2D data distributi®n

distributed-memory systems in our previous work][13]. wenore suitable for tall and skinny matrices.
brie y introduce it here. The distributed tile QR factortian A. TBLAS Runtime System

maps tiles to aP,  P. process grid using the 2-D block . )
cyclic data distributionP = P, P. is the total number Every process runs an instance of the TBLAS runtime

of processes. A tile indexed by [i, j] will be allocated to théySt?m in parallel, which are started blP”“” . As shown

proces[i mod P;;j mod P¢] so that each process stored Fig-[3, the TBLAS runtime system includes three types

a set of tiles and computes the tasks that modify the tiles. \R& threads: task-generation thread, computing thread, and

skip the calculation of the number of messages and words fgfmmunication thread. Given a node wikhcores, we launch

tile QR and just give the result in Tadl I. T computmg threads ol different cores, as well as a
As shown in Tabldll, from the least to the most operatiori@Sk-generation thread and a communication thread on two

are LAPACK, ScalLAPACK, CAQR, tile QR, tile CA-QR, and arbitrary cores. The task-generation thread executes €4l

TSQR. LAPACK is a library used for share-memory systeng program and generates tasks to Il in its node's local task

and thus does not have any communication. Although Tsd&eues. Also, whenever becoming idle, a computing thread
has the minimum number of messages, it uses a much lar s up a ready task from the ready task queue and computes

tile size such thab = n given anm  n matrix. CAQR it. After nishing a task, the computing thread scans the

also has a smaller number of messages than tile CA-QR, Rk queues to resolve data dependency and nds the nished
the algorithm typically uses the fork-join approach and ntasks cr_nldren and s'Farts them. Thg communication thread i
suited for dynamic scheduling (e.g., the whole step of par{asponsm!e for.sendlng and receiving data between a parent
factorization must be completed before the step of traili sk and its children t9 meet the data _dePe”O!e”Cy demands.
matrix update can start). Differently, tile CA-QR provided\" advantage of the tile CA-QR factorization is that we _do
more ne grain tasks operating on tiles and can be executedlt N€ed @ dedicated core to perform MPI communications
a fully asynchronous manner. Furthermore, the communicati?€cause of the high parallelism degree and the minimized
volume 5-logP for the QR factorization on tall and Skinnycommunlcanon of the algorithm.

matrices has been proven to be optinmial [7]. B. Extensions
TABLE | Our rst implementation of tile CA-QR with the original
ALGORITHM COMPARISON TBLAS runtime system did not yield good performance au-

tomatically. By pro ling the execution using the Intel tmc
analyzer and collectof[14], we found that each core's campu

Seq. operation count | #Messages #Words ing time is only half of the wall-clock execution time, which
LAPACK 2n?(m L) - - implies there is a nearly 50% idle time on each core.
Scal APACK n?(m 1) an log P (n? + bn)log P Figure[3 a)_ shows an example trace of the rst version of_t|le
, CA-QR running on 16 dual-core nodes. The colored regions
TSQR 2n*(m+( 2= PN log P 7 log P represent the computation time, and the gaps representiéhe i
CAQR 2n?(m 1) ;njogP | (n?+ 2)log P | time during the execution. By analyzing the trace, we found
Tie OR n?(m S+ &) | (2w n2Eim a few reasons for the poor performance. ;) In the program's
¢ , corresponding task graph, between domains, tasks from two
Tie CAQR || 2n*(m 5+ £3-) (§)*log P ‘7 log P iterations (i.e., from i-th and i+1-th panels) are conndcte
a+ 5 by tasks computing the global binary-tree reduction across

domains. The merge tasks must be executed earlier in order
to pull tasks from the next iteration to execute. 2) Within a



(a) The original version (b) An improved version (c) The naI version

Fig. 4. Traces for tuning the TBLAS runtime system. The aadbregions denote computation time and the empty gaps detietéme. After applying a
number of modi cations, the nal version of the TBLAS runtensystem has much less idle time and is faster than the drigimsion by 35%.

domain, the panel factorization tasks should also be egdcut  the other messages. Similarly, the receiver will process
as early as possible because many trailing-matrix updaks ta the high priority message earlier too.
are awaiting a single panel-factorization task. 3) Loolahe The task window size has been tuned to optimize the
to the nextd iterations can not only pull tasks from the next  program performance. With a small window size, the
iteration but also from the next iterations. runtime system is not able to see tasks in the other
Essentially we want to make sure the TBLAS runtime domains and the following iterations so that there is a
system executes the tasks on the critical path as early as lesser degree of parallelism. But a large window size
possible. We modi ed the runtime system in the following  will increase the runtime system overhead due to longer
ways: queues and length access time to search for and resolve
We added the lookahead feature to the runtime system. data dependencies in the queues.

The lookahead deptthis a parameter to the runtime sys- Figure[3 displays examples of traces for three different
tem and has been tuned to provide the best performanggrsions of the runtime system. Figlile 4 a) shows the trace of
We assign priorities to different tasks. The binary-tregie original version that has signi cant idle time. Afterttieg
merge tasks have the highest priority. At iteration appropriate task priorities, the performance is improvgd b
the tasks located between the i-th column and (i+d)-#7% as shown in b). Figuld 4 c) shows the trace of our nal
column have the 2nd highest priority given a lookaheashtimized version after applying all the above modi cation
depth ofd. The remaining tasks have a regular priority.and tunings. The nal version is better than the original one
We also added message priorities to the communicatigg 35%. It is easy to see the signi cantly reduced empty gaps
subsystem of the runtime system. The output of a highe., idle time) in the gure.

priority task will be assigned a high priority accordingly

and sent out by the communication thread earlier than VI. PERFORMANCEEVALUATION

In this section, we provide strong scalability and weak
scalability performance results on three different disttéd-

‘ Task-generation

Jhread memory machines. We also present the crossover point of the
j tile CA-QR implementation for matrices that are not tall and
skinny.
taskwindow:| [+ [ o [ [ We conducted experiments on two Beowulf clustessig
// andNewton at University of Tennessee) and a Cray XT5 sys-
ready task queue |1 4 . tem @aguar at Oak Ridge National Laboratory) to compare

tile CA-QR with the ScaLAPACK library. Whenever possible,
we use a vendor-optimized ScalLAPACK library. Taljlé Il

lists the hardware and software resources we used to do our

\‘CUmP”"”g‘h'ea“ Computing thread ... \ Ccompuingthre:  axnariments. The Grig cluster has two cores per node, the
/ Newton cluster has eight cores, and the Cray XT5 system has
sutbox ‘ ‘ 12 cores per node. On Newton and the Cray XT5 system,
(e we use Intel MKL and Cray XT LibSci libraries to conduct
Communication___,. | . .
thread inbox Scal APACK experiments, respectively.

Network

A. Strong Scalability

For strong scalability experiments, we x the matrix input
Fig. 3. TBLAS runtime system. size and increase the number of cores to solve the matrix.



TABLE I

EXPERIMENT RESOURCES
Grig cluster Newton cluster Cray XT5
Processor Intel Xeon 3.2GHz Intel Xeon E5530 2.4GHz AMD Opteron 2.6GHz
Cores per processo& 1 4 6
Processors per nod 2 2 2
Nodes 60 170 18,688
Memory per nod 4 GB 16 GB 16 GB
Peak perf. per core 6.4 GFLOPS/s 9.6 GFLOPS/s 10.4 GFLOPS/s
Network Myrinet In niband Cray SeaStar2+
oS Linux 2.6 Scienti ¢ Linux 5.3 Compute Node Linux 2.2
Compilers gcc 64bit 3.4.4 Intel compilers 11.0 PGI19.0.4
MPI lib mpich-mx 1.1 OpenMPI 1.2.8 Cray XT MPT 3.5.1
ScalLAPACK lib Netlib scalapack 1.8 Intel MKL 10.1 Cray XT LibSci 10.3.6
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Fig. 5. Strong scalability.

Then we compare the total number of GFLOPS between tilel GFLOPS to 172 GFLOPS (1 to 64 cores), after which it
CA-QR and Scal APACK. nearly stops increasing.

The matrix input to the Newton cluster and Cray XT5 On the Cray XT5 system, with an increasing number of
system is 0512 32 tiles with a tuned tile size o= 200. cores from 1 to 384, tile CA-QR improves from 7.5 GFLOPS
The matrix input to the Grig cluster is a bit smaller (due tto 1700 GFLOPS while ScaLAPACK improves from 5.8 to
its smaller memory), that is512 16 tiles with a tile size 1180 GFLOPS.

200. Since the con guration of a process gid P, can -

affect the performance of ScaLAPACK signi cantly, we tried®: Weak Scalability

all possible grid con gurations and chose the best processFor weak scalability experiments, we x the amount of
grid for ScaLAPACK. Based on our experiments, we alseomputation on each core. When we double the number
found that running an MPI process on each core haso# cores, we also double the total amount of computation
better performance than running an MPI process on eaatcordingly. Weak scalability demonstrates a programilityb
node with multithreaded computational kernels. Therefore to solve larger problems with more resources.

our ScaLAPACK experiments, each MPI process is single-In our experiment, each matrix input has a xed number
threaded. of eight tile-columns but different number of tile-rows. ah

Figure 5 displays the overall performance of tile CA-QRve double the number of cores, we double the number of tile-
and ScaLAPACK on three systems. On the Grig cluster, as w@vs in the input. For instance, the input to the single-core
increase the number of cores from 1 to 64, the performaneeperiment hag4 8 tiles. And the two-core experiment has
of tile CA-QR increases from 4.3 GFLOPS to 206 GFLOPS matrix input of128 8 tiles.

By contrast ScaLAPACK increases from 2.4 GFLOPS to 112 Figure 6 shows the performance of the weak scalability
GFLOPS. experiments on three different systems. Besides tile CA-

On Newton, between 1 and 128 cores, the performance@R and ScalLAPACK, we also display the theoretical peak
tile CA-QR increases from 7.3 GFLOPS to 620 GFLOPSerformance and the serial DGEMM performance times the
Then from 128 cores to 256 cores, the increasing rate of timber of cores for each system. The DGEMM performance
CA-QR drops and its performance rises from 620 GFLOPsrves as an upper bound for all of our experiments. Again for
to 810 GFLOPS. The performance of ScaLAPACK is mucBcalLAPACK, we always choose the best process grid and use
worse than that of tile CA-QR. In the beginning it rises fronthe vendor optimized ScaLAPACK library whenever possible.



450 2500 35000
~-Peak

400 -»-Peak ~-Peak o
-=-Serial-DGEMM x #Cores 2000 -=-Serial-DGEMM x #Cores 30000 *?ﬁ:éél /E%EMM x#Cores
350 Tile CA-QR Tile CA-QR ~ScalLAPACK
® “#ScaL APACK “+-Scal APACK 25000
9 300 " @
o] £1500 a
I 250 9 920000
o T 5
200 G1000 15000
150
10000
100 500
50 § 5000
0 0 e 0 . -
1 2 4 8 16 32 64 1 2 4 8 16 32 64 128 256 1 2 4 8 12 24 48 96 192 384 768 15363072
Number of Cores Number of Cores Number of Cores
(a) Overall performance on Grig (c) Overall performance on Newton (e) Overall performance on Cray XT5
peak o peak_ «
[ — T m T m e ————— s S =11 g —— L
6 dgemm I 10 e ________dgemm
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, s
5 . s - Tile CA-QR
® o '\o/'\o—o—o_.._‘\ = ScalAPACK
§a —t—— — 3° g,
. = i - o
a, ~Tile CA-QR £° :;ﬁZSchRK 8
4 <- ScaLAPACK {a ;—
o 93 g4
) o <}
] .\ ©2 5
g} (32
1 . —
0

0

o

1 2 4 8 16 32 64 1 2 4 8 16 32 64 128 256 1 2 4 8 12 24 48 96 192 384 768 15363072
Number of Cores Number of Cores Number of Cores

(b) Per-core performance on Grig  (d) Per-core performance on Newton (f) Per-core performance on Cray XT5
Fig. 6. Weak scalability.

There are two sub gures for each system. The top sub gu@&3 GFLOPS (with 12 cores). The reason for the performance
shows the total number of GFLOPS, and the bottom one shodep is related to the NUMA architecture and requires an
the number of GFLOPS per core (i.e., the total number optimized memory-af nity setup. Afterward tile CA-QR sesl
GFLOPS divided by the total number of cores). Ideally thevell from 12 cores to 3,072 cores (i.e., from 1 node to 256
number of GFLOPS per core is a constant and does not changdes). By contrast the performance of ScaLAPACK drops
from 1 to n cores so that the per-core performance curvefism 4.3 GFLOPS to 1.4 GFLOPS as we increase the number
at. of cores, which is 1/4 of that of tile CA-QR.

Figure 6 a) and b) display the overall performance and .
per-core performance of tile CA-QR and ScaLAPACK on th: Crossover Point
Grig cluster, respectively. We set the tile sizebtg 200. As This section discusses how distributed tile CA-QR behaves
shown in a), as the number of cores increase from 1 to 6#the matrix is not tall and skinny. In our experiment, a matr
tile CA-QR increases from 4.1 GFLOPS to 244.9 GFLOPBas a xed number of 512 tile-rows but an increasing number
while ScaLAPACK increases from 1.96 to 92.1 GFLOPS. Iaf tile-columns. The tile size is set tb = 200. Since we
b), the per-core performance of tile CA-QR keeps at a rateant to view the number of columns as a unique variable,
of 4 GFLOPS that outperforms ScaLAPACK by nearly fouwe choose to use a xed number of 192 cores. We conducted
times. the experiment on the Cray XT5 system. Note that 192 cores

On the Newton cluster, the ScaLAPACK experiment callsorrespond to 16 nodes.
the QR factorization subroutine provided by Intel MKL 10.1. Figure 7 shows the crossover point when a matrix becomes
Figure 6 c) shows that the performance of tile CA-QR risesider and wider until it is eventually square. We can see that
from 6.9 GFLOPS to 1,540 GFLOPS while ScalLAPACK risethe performance of tile CA-QR becomes worse than that of
only from 3.3 GFLOPS to 270 GFLOPS. In d), the perScaLAPACK after the number of columns is greater than 1/4
core performance of tile CA-QR decreases slightly from 6@& the number of rows. This is because the matrix's 512 tile-
to 6.4 GFLOPS between 1 and 128 cores, and then draps/s have been distributed to 16 processes by the 1D block
0.4 GFLOPS from 128 to 256 cores. ScaLAPACK does ndistribution. Every process is allocated with 32 tile-raavel is
perform as well as tile CA-QR. For instance, the performanoaly responsible for the computation on its own 32 tile-rows
of ScaLAPACK on 256 cores is only 1/6 of that of tile CA-QRAs the algorithm visits and computes the matrix from top left

On the Cray XT5 system, we use the ScaLAPACK routin® bottom right, more and more processes on the top become
provided by Cray XT LibSci 10.3.6 and let tile sibe= 300. In idle, which results in a load imbalance and poor performance
Fig. 6 e), with an increasing number of cores from 1 to 3,072, Figure 8 shows an example of the tile CA-QR factorization
the performance of tile CA-QR increases from 7.4 GFLOPS tbat explains the cause of idle processes. The matrix inpsit h
17.5 TFLOPS while ScaLAPACK increases from 4.3 GFLOP8 4 tiles and is partitioned across eight processes. We can
to 4.3 TFLOPS. In Fig. 6 f), the per-core performance of tilsee from the gure that when the algorithm is working on
CA-QR decreases gradually from 7.4 GFLOPS (with 1 core) the third tile-column, processdé% andP; become idle until
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the end of the factorization. A two-dimensional block cgcli [2] L. S. Blackford, J. Choi, A. Cleary, E. D'Azevedo, J. Derain

distribution, similar to ScaLAPACK, would then be necegsar ! Dhillon, J. Dongarra, S. Hammarling, G. Henry, A. Peitét Stanley,
f ciently handle general matrix sizes and overcome thi D. Walker, and R. Wha_le)scaLAPACK Users Guide SIAM, 1997.
to efciently han g IX Siz Vi 1$3] L. S. Blackford, J. Choi, A. Cleary, A. Petitet, R. C. Whg] J. Dem-

bottleneck. This would also require an extension of theemirr mel, 1. Dhillon, K. Stanley, J. Dongarra, S. Hammarling, Geriy,

runtime environment system. This is out of the scope of this and D. Walker, “ScaLAPACK: A portable linear algebra liyafor
distributed memory computers - design issues and perfarejamn

paper which only focus on how to factorize tall and skinny Supercomputing '96: Proceedings of the 1996 ACM/IEEE aenfee on

matrices in a more ef cient way. Supercomputing (CDROM) Washington, DC, USA: IEEE Computer
Society, 1996, p. 5.
VII. CONCLUSION AND FUTURE WORK [4] E. Agullo, J. Dongarra, B. Hadri, J. Kurzak, J. Langou,L&ngou,

. . . H. Ltaief, P. Luszczek, and A. YarKhan, “PLASMA 2.0 Users' iGe,"
The QR factorization of tall and skinny matrices has been |c, uTk, Tech. Rep., 2009.

used in many scienti ¢ elds that require solving least sgia [5] A. Buttari, J. Langou, J. Kurzak, and J. Dongarra, “Pafaliled QR

problems. This paper extends an existing algorithm foreshar factorization for multicore architecturesConcurr. Comput. : Pract.
. . . Exper, vol. 20, no. 13, pp. 1573-1590, 2008.

memory arChneCtWe? a_nd enables it to work ef ciently ONi6] B. Hadri, H. Ltaief, E. Agullo, and J. Dongarra, “Tile QRdtorization

modern large-scale distributed-memory systems. We have im  with parallel panel processing for multicore architecsjrén 24th IEEE

plemented the algorithm with an augmented TBLAS runtime International Parallel and Distributed Processing Symipas (IPDPS

2 : o : 2010) 2010.
system. The distributed tile CA-QR factorization has a highy; ;. V\} Demmel, L. Grigori, M. F. Hoemmen, and J. Langou,
degree of parallelism and allows for a fully dynamic exeuti “Communication-optimal parallel and sequential QR and latdriza-

that can overlap computation and communication greatly. We, tions.” UTK, LAPACK Working Note 204, August 2008.
] W. M. Gentleman, “Row elimination for solving sparsedar systems

have preS?nted the algori-thm, the analysis of the algorith and least squares problems. Numer. AnaPyc. Dundee Conf. 1975,
the extension of the runtime system, and the performance LEct Notes Mathvol. 506, pp. 122-133, 1976.

evaluation. Our experiments on two multicore clusters anéf] A. Pothen and P. Raghavan, "Distributed orthogonal dezation:
. Givens and Householder algorithms§1AM Journal on Scienti c and
a Cray XT5 system demonstrate that the tile CA-QR factor-  saistical Computingvol. 10, pp. 1113-1134, 1989.

ization is scalable on up to 3,072 cores and can outperfoftf] L. Julien, “Computing the R of the QR factorization ofltand skinny

the ScaLAPACK library by up to 4 times for tall and skinny g“oaltgces using MPI reduce,” University of Colorado, Dentech. Rep.,

matrices. [11] E. Agullo, C. Coti, J. Dongarra, T. Herault, and J. LangtQR factor-
In summary, we make the following contributions: (1) An ization of tall and skinny matrices in a grid computing eomiment,” in

; _ iotri _ 24th IEEE International Parallel and Distributed ProcesgiSymposium
extension from shared-memory systems to distributed-nngmo (IPDPS 2010) 2010,

systems; (2) A detailed analysis of the algorithm with r&spep1] A. Buttari, J. Langou, J. Kurzak, and J. Dongarra, “Assiaof parallel
to operation count, number of messages, and communication tiled linear algebra algorithms for multicore architeett Parallel
. ; Comput, vol. 35, no. 1, pp. 38-53, 2009.

VOIume.’ (3) .An. eXtenQEd TBLAS .run.t|me SyStem to S.UppOH3] F. Song, A. YarKhan, and J. Dongarra, “Dynamic task dcitiag for
an ef cient d|s_tr|bUted |mp|em(_3ntat|0ny (4) First demq‘mn linear algebra algorithms on distributed-memory multiceystems,” in
of the scalability of the algorithm on large scale distris SC'09: Proceedings of the Conference on High Performanceilaing
memory systems. Our future work includes looking for new g'sml’frlkl'”g' Storage and AnalysisNew York, NY, USA: ACM, 2009,
methods to partition mamces_to (_jlfferent processes OOV [14] Intel, “Intel Trace Analyzer Reference Guide (Revisio8.0),”
load balance for general matrix size, and apply this apgréac http://software.intel.com/en-us/intel-trace-anatyz2010.

solving other linear algebra problems on distributed-mgmo

multicore systems.

REFERENCES

[1] E. Anderson, Z. Bai, C. Bischof, L. Blackford, J. Demmdl, Don-
garra, J. D. Croz, A. Greenbaum, S. Hammarling, A. McKenrey
D. Sorensenl,APACK Users' Guide SIAM, 1992.



	Introduction
	Related Work
	Tile CA-QR Factorization
	Algorithm Analysis
	Operation Count
	Number of Messages
	Communication Volume
	Comparison with Other Algorithms

	The Distributed Framework
	TBLAS Runtime System
	Extensions

	Performance Evaluation
	Strong Scalability
	Weak Scalability
	Crossover Point

	Conclusion and Future Work

